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Abstract
Let p be an irregular prime. Let K = Q(ζ) be the p-cyclotomic field. From
Kummer and class field theory, there exist Galois extensions S/Q of degree p(p− 1)
such that S/K is a cyclic unramified extension of degree [S : K] = p. We give an
algebraic construction of the subfieldsM of S with degree [M : Q] = p and an explicit
formula for the prime decomposition and ramification of the prime number p in the
extensions S/K, M/Q and S/M . In the last section, we examine the consequences
of these results for the Vandiver’s conjecture. This article is at elementary level on
Classical Algebraic Number Theory.
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1 Some definitions
In this section we give some definitions and notations on cyclotomic fields, p-class
group, singular numbers, primary and non-primary, used in this paper.
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1. Let p be an odd prime. Let ζ be a root of the polynomial equation Xp−1 +
Xp−2 + · · ·+X + 1 = 0. Let K be the p-cyclotomic field K = Q(ζ) and OK its
ring of integers. Let K+ be the maximal totally real subfield of K, OK+ its ring
of integers and O∗K+ the group of unit of OK+. Let v be a primitive root mod p
and σ : ζ → ζv be a Q-automorphism of K. Let G be the Galois group of the
extension K/Q. Let Fp be the finite field of cardinal p and F
∗
p its multiplicative
group. Let λ = ζ − 1. The prime ideal of K lying over p is π = λOK .
2. Let Cp be the p-class group of Kp (the set of classes whose order is 1 or p). Let
r be the rank of Cp seen as a Fp[G]-module. If r > 0 then p is irregular. Let C
+
p
be the p-class group of K+p . Let r
+ be the rank of K+p . Then Cp = C
+
p ⊕ C
−
p
where C−p is the relative p-class group.
3. Cp is the direct sum of r subgroups Γi of order p, each Γi annihilated by a
polynomial σ − µi ∈ Fp[G] with µi ∈ F
∗
p,
(1) Cp = ⊕
r
i=1Γi.
Then µ ≡ vn mod p with a natural integer n, 1 ≤ n ≤ p− 2.
4. An integer A ∈ OK is said singular if A
1/p 6∈ K and if there exists an ideal a of
OK such that AOK = a
p. Observe that, with this definition, a unit η ∈ O∗K+
with η1/p 6∈ O∗K+ is singular.
5. A number A ∈ K is said semi-primary if vpi(A) = 0 and if there exists a natural
integer a such that A ≡ a mod π2. A number A ∈ K is said primary if vpi(A) = 0
and if there exists a natural integer a such that A ≡ ap mod πp. Clearly a
primary number is semi-primary. A number A ∈ K is said hyper-primary if
vpi(A) = 0 and if there exists a natural integer a such that A ≡ a
p mod πp+1.
2 Some preliminary results
In this section we recall some properties of singular numbers given in Queˆme [5] in
theorems 2.4 p. 4, 2.7 p. 7 and 3.1 p. 9. Let Γ be one of the r subgroups Γi defined
in relation (1).
1. If r− > 0 and Γ ⊂ C−p : then there exist singular semi-primary integers A with
AOK = a
p where a is a non-principal ideal of OK and verifying simultaneously
Cl(a) ∈ Γ, Cl(aσ−µ) = 1,
σ(A) = Aµ × αp, µ ∈ F∗p, α ∈ K,
µ ≡ v2m+1 mod p, m ∈ N, 1 ≤ m ≤
p− 3
2
,
π2m+1 | A− ap, a ∈ N, 1 ≤ a ≤ p− 1.
(2)
2
In that case we say that A is a negative singular integer to point out that
Cl(a) ∈ C−p . Moreover, this number A verifies
(3) A×A = Dp,
for some integer D ∈ O∗K+.
(a) Either A is singular non-primary with π2m+1 ‖ A− ap.
(b) Or A is singular primary with πp | A−ap. In that case we know from class
field theory that r+ > 0.
(see Queˆme [5] theorem 2.4 p. 4). The singular primary negative numbers
are interesting because they exist if and only if h+ ≡ 0 mod p (the Vandiver
conjecture is false).
2. If r+ > 0 and Γ ⊂ C+p : then there exist singular semi-primary integers A with
AOK = a
p where a is a non-principal ideal of OK and verifying simultaneously
Cl(a) ∈ Γ, Cl(aσ−µ) = 1,
σ(A) = Aµ × αp, µ ∈ F∗p, α ∈ K,
µ ≡ v2m mod p, m ∈ Z, 1 ≤ m ≤
p− 3
2
,
π2m | A− ap, a ∈ Z, 1 ≤ a ≤ p− 1,
(4)
In that case we say that A is a positive singular integer to point out that
Cl(a) ∈ C+p . Moreover, this integer A verifies
(5)
A
A
= Dp,
for some number D ∈ K+p . If h
+ ≡ 0 mod p then D 6= 1 is possible, for instance
with a = q where q is a prime ideal of OK , Cl(q) ∈ C
+
p and q ≡ 1 mod p.
(a) Either A is singular non-primary with π2m ‖ A− ap .
(b) Or A is singular primary with πp | A− ap.
(see Queˆme, [5] theorem 2.7 p. 7).
3. If µ ≡ v2m mod p with 1 ≤ m ≤ p−32 : then there exist singular units A ∈ O
∗
K+
with
σ(A) = Aµ × αp, µ ∈ F∗p, α ∈ O
∗
K+ ,
µ ≡ v2m mod p, m ∈ Z, 1 ≤ m ≤
p− 3
2
,
π2m | A− ap, a ∈ Z, 1 ≤ a ≤ p− 1,
(6)
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(a) Either A is non-primary with π2m ‖ A− ap .
(b) Or A is primary with πp | A− ap.
(see Queˆme, [5] theorem 3.1 p. 9).
The sections 3, 4 and 5 are, for a large part, a reformulation of Hilbert theory of
Kummer Fields, see [1] paragraph 125 p. 225.
3 Singular K-extensions
Some Definitions :
1. In this section, let us denote Γ one of the r subgroups of order p of Cp defined
by relation (1). Let A be a singular semi-primary integer, negative or positive,
verifying respectively the relations (2) or (4) . We call S = K(A1/p)/K a
singular negative, respectively positive K-extension if Γ ∈ C−p , respectively
Γ ∈ C+p .
2. Let A be a singular unit verifying the relation (6). We call S = K(A1/p)/K a
singular unit K-extension.
3. A singular K-extension S = K(A1/p) is said primary or non-primary if the
singular number A is primary or non-primary.
4. If S is primary then the extension S/K is, from Hilbert class field theory, the
cyclic unramified extension of degree p corresponding to Γ.
5. Observe that the extensions S/Q are Galois extensions of degree p(p− 1).
Lemma 3.1. There is one and only one singular negative K-extension corresponding
to a group Γ ⊂ C−p .
Proof. For Γ given let us consider two singular negative K-extensions S/K and S′/K.
AOK = a
p and A′OK = a
′p. The polynomial σ − µ annihilates < Cl(a > and
< Cl(a′ >. Then < Cl(a) > = < Cl(a′) > = Γ, thus there exists n, 1 ≤ n ≤ p − 1
such that Cl(an) = Cl(a′). Therefore An = A′ × γp × ε, ε ∈ O∗K , γ ∈ K. It follows,
from AA = Dp and A′A
′
= D′p with D,D′ ∈ OK+ , that εε ∈ O
∗p
K+
. Therefore
ε = ζwεp1, ε1 ∈ O
∗
K+ . Then A
n = A′γpζwεp1ζ
w. A and A′ are semi-primary, thus it
follows that w = 0. Therefore K(A1/p) = K(A′1/p).
Remark: Observe that we consider in this article only singular semi-primary num-
bers. Let A be a singular semi-primary number. Then A′ = Aζ is not semi-primary
and K(A1/p) 6= K(A1/p).
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Lemma 3.2. If µ 6= 1 and µ(p−1)/2 ≡ 1 mod p there is one and only one singular
unit K-extension S/K depending only on µ.
Proof. The subgroup of O∗K+/O
∗p
K+
annihilated by σ − µ is of order p and the rank
of O∗K+/O
∗p
K+
is p−32 .
Lemma 3.3. π is the only prime which can ramify in the singular K-extension S/K
and the relative discriminant of S/K is a power of π.
Proof. S/K is unramified except possibly at π, (see for instance Washington [8] ex-
ercise 9.1 (b) p. 182). The result for relative discriminant follows.
Lemma 3.4.
1. There are r+ singular primary negative K-extensions S/K.
2. There are r− − r+ singular non-primary negative K-extensions S/K.
Proof. The first part results of classical theory of p-Hilbert class field applied to
the field K and of previous definition of singular K-extensions Sµ (see for instance
the result of Furtwangler in Ribenboim [6] (6C) p. 182) and the second part is an
immediate consequence of the first part.
4 Singular Q-fields
Let A be a semi-primary integer, negative (see definition (2)), positive (see definition
(4)) or unit (see definition (6)). Let ω be an algebraic number defined by
(7) ω = A(p−1)/p.
We had chosen this definition instead of ω = A1/p because Ap−1 ≡ 1 mod π simplifies
computations. Then S = K(ω) is the corresponding singular K-extension. Observe
that this definition implies that ω ∈ OS ring of integers of S.
Lemma 4.1. Suppose that S/K is a singular primary K-extension. Let θ : ω → ωζ
be a K-isomorphism of the field S. Then, A is hyperprimary and there are p prime
ideals of OS lying over π. There exists a prime ideal π0 of OS lying over π such
that the p prime ideals πn = θ
n(π0), n = 0, . . . , p − 1 of OS lying over π verify the
congruences
π20 | ω − 1,
πn ‖ ω − 1, . . . , n = 1, . . . , p − 1.
(8)
Proof.
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1. From Hilbert class field theory and Principal Ideal Theorem the prime principal
ideal π ofK splits totally in the extension S/K. The ideal π does not correspond
to the case III.c in Ribenboim [6] p. 168 because π is not ramified in S/K. The
ideal π does not correspond to the case III.b in Ribenboim [6] p. 168 because
π is not inert in S/K. Therefore π corresponds to the case III.a and it follows
that there exists a1 ∈ OK such that A ≡ a
p
1 mod π
p+1. Therefore there exists
a ∈ Z such that a ≡ a1 mod π and A ≡ a
p mod πp+1, thus A is a singular
hyper-primary number and Ap−1 ≡ 1 mod πp+1.
2. Then ωp−1 ≡ 0 mod πp+1. Let θ : ω → ωζ be a K-automorphism of the field S.
Let Π′ is any of the p prime ideals of OS lying over π. Then πOS =
∏p−1
n′=0 πn′
where π′n = θ
n(Π′), n = 0, . . . , p − 1 are the p prime ideals of OS lying over π.
3. From Ap−1 ≡ 1 mod πp+1 we see that
ωp − 1 =
p−1∏
n=0
(ωζ−n − 1) ≡ 0 mod π′p+10 π
′p+1
1 . . . π
′p+1
p−1 .
It follows that there exists a prime ideal Π of OS lying over π such that ω− 1 ≡
0 mod Π2 because there exists l such that ωζ l − 1 ≡ 0 mod π′20 ) so Π = θ
−l(π′0,
and that Π ‖ ωζ−n− 1 for n = 1, . . . , p− 1 because Π ‖ ζ − 1. Let us note πn =
θn(Π) for n = 0, . . . , p− 1. It follows that, for n = 1, . . . , p− 1, πn ‖ ωζ
nζ−n− 1
and so
π20 | ω − 1,
πn ‖ ω − 1, . . . , n = 1, . . . , p − 1.
(9)
Lemma 4.2. Suppose that S/K is a singular non primary K-extension. Let Π be
the prime of S lying over π. Then Π | ω − 1.
Proof. The extension S/K is ramified therefore πOS = Π
p. Ap−1 ≡ 1 mod πn
for some n > 1 and so ωp − 1 ≡ 1 mod Πnp because πOS = Π
p. Therefore ω ≡
1 mod Π.
We know that there are p different automorphisms of the field S extending the
Q-automorphism σ of the field K.
Lemma 4.3. There exists an automorphism σµ of S/Q extending σ such that
(10) ωσµ−µ ≡ 1 mod π2.
Proof.
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From σ(A) = Aµαp there exist p different automorphisms σ(w), w = 0, . . . , p − 1, of
the field S extending the Q-isomorphism σ of the field K, defined by
(11) σ(w)(ω) = ω
µαp−1ζw,
for natural numbers w = 0, 1, . . . , p − 1. There exists one and only one w such that
αp−1×ζw is a semi-primary number (or αp−1×ζw ≡ 1 mod π2). Let us set σµ = σ(w)
to emphasize the role of µ Therefore we get
(12) σµ(ω) ≡ ω
µ mod π2,
because ω, σµ(ω) ∈ OS .
Lemma 4.4. σp−1µ (ω) = ω.
Proof. We have σp−1µ (A) = σp−1(A) = A therefore there exists a natural integer w1
such that σp−1µ (ω) = ω × ζw1 . We have proved in relation (12) that
(13) σµ(ω) ≡ ω
µ mod π2,
thus σp−1µ (ω) ≡ ωµ
p−1
≡ ω ×A(p−1)(µ
p−1
−1)/p ≡ ω mod π2 which implies that w1 = 0
and that σp−1µ (ω) = ω.
Let us define Ω ∈ OS ring of integers of S by the relation
(14) Ω =
p−2∑
i=0
σiµ(ω).
Theorem 4.5. M = Q(Ω) is a field with [M : Q] = p, [S :M ] = p−1 and σµ(Ω) = Ω.
Proof.
1. Show that Ω 6= 0: If S/K is unramified, then ω ≡ 1 mod π implies with definition
of Ω that Ω ≡ p−1 mod π and so Ω 6= 0. If S/K is ramified, then ω ≡ 1 mod Π
implies with definition of Ω that Ω ≡ p − 1 mod Π because σµ(Π) = Π and so
Ω 6= 0.
2. Show that Ω 6∈ K: from σµ(ω) = ω
µαp−1ζw we get
Ω =
p−2∑
i=0
ωµ
i mod p × βi,
with βi ∈ K. Putting together terms of same degree we get Ω =
∑p−1
j=1 γjω
j
where γj ∈ K are not all null because Ω 6= 0. Ω ∈ K should imply the poly-
nomial equation
∑p−1
j=1 ω
j × γj − γ = 0 with γ ∈ K, not possible because the
minimal polynomial equation of ω with coefficients in K is ωp −Ap−1 = 0.
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3. Show that M = Q(Ω) verifies M ⊂ S with [M : Q] = p and [S : M ] = p − 1:
S/Q is a Galois extension with [S : Q] = (p − 1)p. Let GS be the Galois group
of S/Q. Let < σµ > be the subgroup of GS generated by the automorphism
σµ ∈ GS . We have seen in lemma 4.4 that σ
p−1
µ (ω) = ω. In the other hand
σp−1µ (ζ) = ζ and σnµ(ζ) 6= ζ for n < p− 1 and so < σµ > is of order p− 1.
4. From fundamental theorem of Galois theory, there is a fixed field M = S<σµ>
with [M : Q] = [GS :< σµ >] = p. From σµ(Ω) = Ω seen and from definition
relation (14) it follows that Ω ∈M and from Ω 6∈ K it follows that M = Q(Ω).
Thus S =M(ζ) and ω ∈ S can be written
(15) ω = 1 +
p−2∑
i=0
ωiλ
i, ωi ∈M.
with λ = ζ − 1 and with σµ(ωi) = ωi because σµ(Ω) = Ω.
Some definitions: The field M ⊂ S is called a singular Q-field. In the sequel
of this paper we are studying some algebraic properties and ramification of singular
Q-fields M . A singular Q-field M is said primary (respectively non-primary) if S is a
singular primary (respectively non-primary) K-extension.
5 Algebraic properties of singular Q-fields
1. From Galois theory there are p subfields Mi, i = 0, . . . , p − 1, of S of degree
[Mi : Q] = p.
2. The extension S/Q is Galois. Let θ : ω → ωζ be a K-automorphism of S. There
are p automorphisms σi, i = 0, . . . , p − 1, of S extending the Q-automorphism
σ of K verifying σi(θ
i(ω)) = (θi(ω))µβ for the semi-primary β ∈ K.
3. We have defined in relation (14) Ω =
∑p−2
k=0 σ
k
µ(ω). For i = 1, . . . , p − 1 we can
define similarly Ωi =
∑p−2
k=0 σ
k
µ(θ
i(ω)). Then we show in following result that
the fields Mi can be explicitly defined by Mi = Q(Ωi), i = 0, . . . , p − 1.
Lemma 5.1. The singular Q-fields Mi = Q(Ωi), . . . , p−1, are the p subfields of degree
p of the singular K-extension S/K.
Proof.
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1. We set here σ0 = σµ and M0 = M . Show that the fields M0,M1, . . . ,Mp−1 are
pairwise different: σi(θ
i(ω)) = (θi(ω))µβ, hence σi(ωζ
i) = (ωζ i)µβ, hence
(16) σi(ω) = ω
µβζ i(µ−v).
Suppose that Mi = Mi′ : then the subgroups < σi > and < σi′ > of Gal(S/Q)
corresponding to the fixed fields Mi and Mi′ are equal. Therefore there exists a
natural integer l, 1 ≤ l ≤ p− 2 coprime with p− 1 such that σi′ = σ
l
i.
2. σi′(ζ) = σ
l
i(ζ), hence ζ
v = ζv
l
, hence v ≡ vl mod p, hence vl−1 ≡ 1 mod p,
hence l − 1 ≡ 0 mod p − 1 and therefore l ≡ 1 mod p − 1. In the other hand
1 ≤ l ≤ p − 2, thus l = 1 and σi(ω) = σi′(ω). From relation (16) this implies
that i = i′.
In the following theorem, we give an explicit computation of Ωi for i = 0, . . . , p − 1.
Let us denote µk for µ
k mod p.
Lemma 5.2. The subfields of degree p of the singular K-extension S are the singular
Q-fields Mi = Q(Ωi), i = 0, . . . , p− 1, where
Ωi = θ
i(Ω) =
p−2∑
k=0
ωµ
k
β(σ
k
−µk)/(σ−µ)ζ iµ
k
,
Ωi = θ
i(Ω) =
p−2∑
k=0
ωµkA(p−1)(µ
k
−µk)/pβ(σ
k
−µk)/(σ−µ)ζ iµ
k
.
(17)
Proof. We start of Ωi =
∑p−2
k=0 σ
k
i (θ
i(ω)) and we compute σki (θ
i(ω)). Let us note
̟i = θ
i(ω). σi(̟i) = ̟
µ
i β, hence σ
2
i (̟i) = σ(̟i)
µσ(β) = (̟µi β)
µσ(β) = ̟µ
2
i β
σ+µ.
Pursuing up to k, we get σki (̟i) = ̟
µk
i β
(σk−µk)/(σ−µ). But ̟µ
k
i = (ωζ
i)µ
k
= ωµ
k
ζ iµ
k
.
We can also compute at first Ω =
∑p−2
k=0 ω
µkβ(σ
k
−µk))/(σ−µ) and then verify directly
that θi(Ω) = Ωi. Then ω
µk = ωµkA(p−1)(µ
k
−µk)/p.
6 The ramification in the singular primary Q-
fields
1. Observe at first that the case of singular non-primary Q-fields can easily be de-
scribed. The extension S/K is fully ramified at π, so pOS = π
p(p−1)
S . Therefore
there is only one prime ideal p of M ramified with pOM = p
p.
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2. The end of this section deals with the ramification of singular primary Q-fields
M . In that case S/K is a cyclic unramified extension and there are p prime
ideals in S/K over π.
Lemma 6.1. σµ(π0) = π0
Proof. From relation (13) σµ(ω) ≡ ω
µ mod π2. From lemma 4.1 ω ≡ 1 mod π20 and
so σµ(ω) ≡ ω
µ ≡ 1 mod π20. Then ω ≡ 1 mod σ
−1
µ (π0)
2. If σ−1µ (π0) 6= π0 it follows
that ω ≡ 1 mod π20 × σ
−1(π20), which contradicts lemma 4.1.
Lemma 6.2. Let πk = θ
k(π0) for any k ∈ N, 1 ≤ k ≤ p − 1. Then σµ(πk) = πnk
with nk ∈ N, nk ≡ k × vµ
−1 mod p.
Proof.
1. From π20 | (ω − 1), it follows that θ
k(π20) = π
2
k | (ωζ
k − 1). Then
σµ(πk)
2 | (σµ(ω)× ζ
vk − 1).
2. We have σµ(πk) = πk+lk for some lk ∈ N depending on k. From relation (13)
we know that σµ(ω) ≡ ω
µ mod π2. Therefore
π2k+lk | (ω
µ × ζvkp − 1).
3. In an other part by the K-automorphism θk+lk of S we have
π2k+lk | (ω × ζ
k+lk − 1),
so
π2k+lk | (ω
µ × ζµ(k+lk) − 1).
4. Therefore π2k+lk | ω
µ(ζvk − ζµ(k+lk)), and so
π2k+lk | (ζ
vk − ζµ(k+lk)),
5. This implies that µ(k + lk) − vk ≡ 0 mod p, so µlk + k(µ − v) ≡ 0 mod p and
finally that
lk ≡ k ×
v − µ
µ
,
where we know that v − µ 6≡ 0 mod p from Stickelberger relation. Then nk ≡
k + k × v−µµ = k ×
v
µ mod p, which achieves the proof.
Lemma 6.3.
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1. If S/K is a singular primary negative extension then σ
(p−1)/2
µ (πk) = πk.
2. If S/K is a singular primary positive or unit extension then σ
(p−1)/2
µ (πk) =
πn−k.
Proof. From lemma 6.2 we have σ
(p−1)/2
µ (πk) = πk′ with k
′ ≡ kv(p−1)/2µ−(p−1)/2. If
S/K is negative then v(p−1)/2µ−(p−1)/2 ≡ 1 mod p and if S/K is positive or unit then
v(p−1)/2µ−(p−1)/2 ≡ −1 mod p and the result follows.
Lemma 6.4. The length of the orbit of the action of the group < σµ > on π0 is 1
and the length of the orbit of the action of the group < σµ > on πi, i = 1, . . . , p − 1
is d where d is the order of vµ−1 mod p.
Proof. For π0 see lemma 6.1. For πk see lemma 6.2: σµ(πk) = σ(πnk) with nk ≡
vµ−1 mod p, then σ2µ(πk) = σ(πnk2 ) with nk2 ≡ kv
2µ−2 mod p and finally nkd ≡
k mod p.
The only prime ideals of M/Q ramified are lying over p. The prime ideal of K over
p is π. To avoid cumbersome notations, the prime ideals of S over π are noted here
Π or Πi = θ
i(Π0), i = 1, . . . , p − 1, and the prime ideals of M over p are noted p or
pj , j = 1 . . . , ν where ν + 1 is the number of such ideals.
Theorem 6.5. Let d be the order of vµ−1 mod p. There are p−1d + 1 prime ideals
in the singular primary Q-field M lying over p. Their prime decomposition and
ramification is:
1. e(p0/pZ) = 1.
2. e(pj/pZ) = d for all j = 1, . . . ,
p−1
d with d > 1.
Proof.
1. preparation of the proof
(a) The inertial degrees verifies f(π/pZ) = 1 and f(Π/π) = 1 and so f(Π/pZ) =
1. Therefore, from multiplicativity of degrees in extensions, it follows that
f(p/pZ) = f(Π/p) = 1 where Π is lying over p.
(b) e(π/pZ) = p− 1 and e(Π/π) = 1 and so e(Π/pZ) = p− 1.
(c) Classically, we get
(18)
ν∑
j=0
e(pj/pZ) = p,
where ν + 1 is the number of prime ideals of M lying over p and where
e(pj/pZ) are ramification indices dividing p − 1 because, from multiplica-
tivity of degrees in extensions, e(pj/pZ)× e(Π/pj) = p− 1.
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2. Proof
(a) The extension S/M is Galois of degree p−1, therefore the number of prime
ideals Π lying over one p is p−1e(Π/p) = e(p/pZ).
(b) Let c(Π) be the orbit of Π under the action of the group < σµ > of cardinal
p − 1 seen in lemma 6.4. If Π = π0 then the orbit CΠ is of length 1. If
Π 6= π0 then the orbit CΠ is of length d. If CΠ has one ideal lying over
p then it has all its d ideals lying over p because σµ(p) = p. This can be
extended to all Π′ lying over p with CΠ′ 6= CΠ and it follows that when
Π 6= π0 then d | e(p/pZ), number of ideals of S lying over p. There is one
p with e(p/pZ) = 1 because Cpi0 is the only orbit with one element.
(c) The extension S/M is cyclic of degree p− 1. There exists one field N with
M ⊂ N ⊂ S with degree [N :M ] = p−1d . If there were at least two different
prime ideals p′1 and p
′
2 of N lying over p, it should follow that p
′
2 = σ
jd
µ (p′1)
for some j, 1 ≤ j ≤ d− 1 because the Galois group of S/M is < σµ > and
the Galois group of N/M is < σdµ >. But, if a prime ideal πk of S lies over
p′1 then σ
d
µ(πk) should lie over p
′
2. From lemma 6.4, σ
d
µ(πk) = πk should
imply that p′2 = p
′
1, contradiction. Therefore the only possibility is that p is
fully ramified in N/M and thus pON = p
′(p−1)/d. Therefore e(p′/p) = p−1d
and so e(p′/pZ) = e(p/pZ)× p−1d | p−1 and thus e(p/pZ) | d. From previous
result it follows that e(p/pZ) = d. Then d > 1 because µ − v 6≡ 0 mod p
from Stickelberger theorem. There are p−1d + 1 prime ideals pi because,
from relation (18) p = 1 +
∑ν
i=1 e(pi/pZ) = 1 + ν × d.
Example: let us consider the case of prime numbers p with p−12 prime.
1. Singular primary negative Q-fields
Here µ(p−1)/2 ≡ −1 mod p and d ∈ {2, p−12 , p − 1}. Straightforwardly d = 2 is
not possible: µ2 ≡ v2 mod p, then µ+ v ≡ 0 mod p because µ 6≡ v mod p, then
µ(p−1)/2 + v(p−1)/2 ≡ 0 mod p, contradiction because µ(p−1)/2 = v(p−1)/2 = −1.
d = p − 1 is not possible because µ(p−1)/2 − v(p−1)/2 ≡ 0 mod p. Therefore
d = p−12 , so the ramification of p in the singular Q-field M is e(p0/pZ) = 1 and
e(p1/pZ) = e(p2/pZ) =
p−1
2 .
2. Singular primary positive Q-extensions and primary unit Q-fields
Here µ(p−1)/2 ≡ 1 mod p and d ∈ {2, p−12 , p − 1}. d = 2 is not possible :
µ2−v2 ≡ 0 mod p then µ+v ≡ 0 mod p so µ ≡ v(p+1)/2 mod p, so Bp−(p+1)/2 =
B(p+1)/2 ≡ 0 mod p where B(p+1)/2 is a Bernoulli Number, contradiction because
B(p+1)/2 6≡ 0 mod p. d =
p−1
2 is not possible because µ
(p−1)/2 ≡ 1 mod p and
12
v(p−1)/2 ≡ −1 mod p. Therefore d = p − 1, so the ramification of p in the
singular Q-field M is e(p0/pZ) = 1 and e(p1/pZ) = p− 1.
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